Abstract. We classify imprimitive groups acting highly transitively on blocks and satisfying conditions common in geometry. They can be realized as subgroups of twisted wreath products.
The literature on imprimitive permutation groups appears less well developed than the theory of primitive groups. The best-known construction principle for imprimitive groups is given by wreath products.
Let V be the direct sum 0 t i¼1 U i of t copies of a vector space U. If G is a subgroup of the symmetric group S t acting transitively on the set fU 1 ; . . . ; U t g of components of V and a : G U t ! GLðUÞ is a linear representation of the stabilizer of U t in G, then the twisted wreath product G ¼ U wr a G may be regarded as a group of a‰ne mappings acting transitively on a suitable system of a‰ne subspaces of V and having t blocks. The abelian group T consisting of all translations is the corresponding inertia group, i.e. the normal subgroup of G leaving each block fixed. Restricting to a G-invariant subspace W of V , for which there is an integer m c t such that the projection W ! 0 i m r¼i 1 U r is an isomorphism with respect to any m-subset of f1; . . . ; tg, we obtain a subgroup of G having the same system of blocks as G and inertia group given by the translations corresponding to W . In particular, the inertia group induces a regular action on each block and acts sharply transitively on m-tuples of independent points, i.e. m-tuples of points no two of which lie in the same block. If the representation a is transitive, then U is finite and the stabilizer of a block is 2-transitive on the block.
Conversely, let G be an imprimitive permutation group having a finite number t of blocks and assume that the stabilizer G D in G of a block D acts 2-transitively on D. Suppose that the inertia group N induces a sharply transitive group on each block and moves uniquely any m-tuple of independent points onto any other m-tuple of the same type, for some m c t. Then each block D is a vector space of finite dimension over a prime field and G can be embedded into a twisted wreath product D wr a G=N, where a is a transitive linear representation of G D =N on D.
Imprimitive actions play an important role in geometry. For instance, the group of automorphisms of a chain geometry (see [1] ) is an imprimitive group operating sharply transitively on triples of independent points, such that the stabilizer of a block is 2-transitive on the block. This motivated us to study imprimitive permutation groups which are highly transitive on blocks and satisfy conditions common in geometry. In particular, we classify all imprimitive permutation groups G ¼ ðG; WÞ satisfying the following conditions for some integer m > 3: (iii) the stabilizer in G of a block has a 2-transitive action on the block; (iv) the group G=N is finite and acts m-transitively on the set W of blocks.
We represent these groups as subgroups of twisted wreath products. Using results of Kantor [9] , Hering [7] and Liebeck [11] on transitive linear representations of finite simple groups we prove that the size of a block is 2, 3, 4 or 16 and the permutation group G ¼ ðG=N; WÞ is the symmetric group S m , or the symmetric group S mþ1 , or the alternating group A mþ2 .
If each block contains at most three points then G F S m or G F S mþ1 ; in the latter case, if G does not split over the inertia group N, then any block contains exactly two points and m is odd.
If each block has four points then either m ¼ 4 and G F S 4 , or m ¼ 5 and G F S 5 ; in both cases G is a split extension of N by S m .
If each block has 16 points, then either m ¼ 4; 5; 6; 7 and G F A mþ2 , or m ¼ 6; 7 and G F S m or m ¼ 5 and G F S 6 . Moreover the group G always splits over N, apart from the last case where a further non-splitting extension occurs.
A tool in our classification is Blackburn's description [2] of the extensions of finite elementary abelian p-groups by symmetric and alternating groups.
1.1 Translation systems of imprimitivity. Let G ¼ ðG; WÞ be an imprimitive permutation group and let W be the corresponding system of blocks. Points fX i g i A I of W are called independent if there is no block in W containing two of them. We call W a translation system of imprimitivity of dimension m ðc jWjÞ if the inertia group N of W, i.e. the normal subgroup of G fixing each block of W, satisfies the following conditions 1.1.1 and 1.1.2:
1.1.1. The group N induces on each block D A W a sharply transitive group. As a consequence of these two conditions we have 1.1.3. Let X 1 ; . . . ; X m be independent points and denote by N i the stabilizer in N of each of X 1 ; . . . ; X iÀ1 ; X iþ1 ; . . . ; X m . Then N ¼ N 1 Â Á Á Á Â N m .
Proof. Let g A N. There is just one element g 1 A N 1 such that g 1 ðX 1 Þ ¼ gðX 1 Þ, and so g À1 1 g fixes X 1 . For 1 c j < m, assume that there is a unique element g j A N j such that ð Q j i¼1 g i Þ À1 g fixes X 1 ; . . . ; X j . Then there is just one element g jþ1 A N jþ1 with
. . . ; X jþ1 . As the stabilizer in N of each of X 1 ; . . . ; X m is trivial, the inductive argument proves that g can be written uniquely in the form g 1 . . . g m .
1.1.4. Let the permutation group G ¼ ðG=N; WÞ be sharply m-transitive. Then G operates sharply transitively on the set of m-tuples of independent points.
Proof. Let X 1 ; . . . ; X m and Y 1 ; . . . ; Y m be m-tuples of independent points. Since G is m-transitive, there exists a coset gN A G=N such that the block containing gðX i Þ also contains Y i for i ¼ 1; . . . ; m. Then there exists h A N such that hgðX i Þ ¼ Y i . Sharp transitivity follows because the stabilizer of the points X 1 ; . . . ; X m is trivial.
Assume that W is finite and the stabilizer G
Proof. Let X A D. Since N X fixes every point in D, the finite group G X =N X F G D =N acts transitively on DnfX g, and hence D is finite. Thus W and G are finite.
2.1 Imprimitive groups and wreath products. Let U be a vector space of finite dimension n over a field K, V ¼ 0 t i¼1 U i be the direct sum of t copies of U and G be a transitive subgroup of the symmetric group S t with respect to the natural action on the components U i of V . Let a : h 7 ! a h be a homomorphism from the stabilizer G U t of U t to GLðUÞ. We can define an embedding of G into GLðV Þ as follows. Starting with a basis e 1 ; . . . ; e n of U, we have a basis we have a linear mappingg g A GLðV Þ. Now the identity h g 2 g 1 ; i ¼ h g 2 ; g 1 ðiÞ h g 1 ; i shows that g 7 !g g provides an embedding G ,! GLðV Þ.
We emphasize that the tn Â tn matrix representingg g with respect to B is obtained as follows: (1) take the t Â t permutation matrix corresponding to g; (2) replace the entry 1 in the place ðgðiÞ; iÞ by the n Â n matrix representing a h g; i (with respect to the basis e 1 ; . . . ; e n of U).
Consider now the group of a‰ne mappings
ThenG G acts transitively on the set W :¼ 6
x A V g are blocks for a system of imprimitivity W having the group of translations of V as the inertia group. The equation 7 t i¼1 V i ¼ f0g shows that W is a translation system of imprimitivity of dimension t.
2.1.1 Remark. The permutation groupG G ¼ ðG G; WÞ is essentially the twisted wreath product K n wr a G of U F K n by G over S and a. If it is clear what linear representation we are using, we denote it simply by K n wr G. Changing the set of representatives does not change the action on the set of blocks, but the action induced on a block changes according to (1) (see [10, p. 86] ). Nevertheless, up to isomorphism, the permutation groupG G remains the same.
2.1.2.
Let W be a G-stable subspace of V . Then fx 7 ! w þg gðxÞ : w A W ; g A Gg is a subgroup H ¼ ðK n wr GÞ jW of K n wr G. Clearly if W projects onto each component U j , then H is transitive. Furthermore, if there is an integer m c t such that W is mtransversal with respect to the given decomposition 0
U r is an isomorphism for any m-subset fi 1 ; . . . ; i m g of f1; . . . ; tg (hence dim W ¼ mnÞ, then W is a translation system of imprimitivity of dimension m for H. The stabilizer of a block is 2-transitive on the block if and only if a is transitive.
2.2. Now we discuss the converse. Let G ¼ ðG; WÞ be a transitive permutation group having a finite translation system of imprimitivity W ¼ fD 1 ; . . . ; D t g of dimension m and assume that the stabilizer G D i of a block D i acts 2-transitively on D i . From 1.1.5, G must be finite.
Let jD i j ¼ k. Then jWj ¼ tk and we may regard G as a subgroup of S tk ; more precisely, G lies in the subgroup F preserving W. Let M; N be the inertia groups in F ; G respectively corresponding to W; of course ðM; WÞ is isomorphic to the direct product of t copies of S k . Let X i A D i ; then M has a subgroup U i acting on D i as N=N X i and fixing each other block pointwise. Clearly N is contained in the direct product
Since U i acts sharply transitively on D i , we can identify D i with V =V i ðF U i Þ, where V i denotes the product of all U r with r 0 i. As G X i =N X i normalizes N=N X i , we have that U i is normalized by G X i , and so the transitive action of G X i on D i nfX i g yields a transitive group of automorphisms (isomorphic to G X i =N X i F G D i =N) of the finite group V =V i . Consequently V =V i F U i must be a vector space GFðpÞ n over the prime field GFðpÞ for some prime p and integer n. Furthermore, there is a transitive linear representation a : G D t =N ! GLðU t Þ F GLðn; pÞ and we can consider the twisted wreath productG G :¼ GFð pÞ n wr a G=N, with V the associated vector space.
The group N is then the subgroup of translations ofG G corresponding to a subspace W which is m-transversal with respect to the decomposition V ¼ 0 t i¼1 U i . Then G=N yields a subgroup of GLðV Þ normalizing N and, as an extension of a group of translations of V by G=N, the group G can be viewed as a subgroup of a‰nities ofG G. Thus we have 2.2.1 Theorem. Let G ¼ ðG; WÞ be a transitive permutation group with a finite translation system of imprimitivity W ¼ fD 1 ; . . . ; D t g of dimension m c t and assume that the stabilizer G D i of a block D i acts 2-transitively on D i . Then G is finite and the inertia group N of W is an elementary abelian p-group for some prime p. Thus there exist an integer n > 0, a transitive linear representation a : G D t =N ! GLðn; pÞ and an embedding
of permutation groups such that iðNÞ is a normal subgroup of translations ofG G corresponding to a subspace W of dimension mn of the vector space V associated withG G. In particular, there exists a decomposition of V with respect to which W is m-transversal. Moreover G splits over N just if iðGÞ ¼ ðGFð pÞ n wr a G=NÞ jW .
2.3.
For an integer t > 1, a field K and a linear representation a : S tÀ1 ! GLðK n Þ of S tÀ1 , the twisted wreath product K n wr a S t is the semidirect product of its translation group V F K nt by a complement isomorphic to S t of linear mappings in GLðK nt Þ. The easiest way to represent this complement is to take the powers of the cycle s ¼ ð1; . . . ; tÞ as a set of representatives of the coset space S t =S tÀ1 . Then the linear mapping corresponding to s is represented by the block matrix I ¼ ðI ij Þ, where
and where I n and 0 n are the identity and the zero matrix of order n. Moreover, for k ¼ 1; . . . ; t À 1, the transposition ðk k þ 1Þ corresponds to the block matrix J k ¼ ðJ k ij Þ having the non-zero blocks defined by
where j ¼ að1 2 . . . t À 2 t À 1Þ and j r ¼ aðr r þ 1Þ ðr ¼ 1; . . . ; t À 2Þ. 
2.4. Given a twisted wreath product K n wr a S t , we obtain a twisted wreath product K n wr a A t by restriction of a to A tÀ1 . Since a set of representatives of the coset space A t =A tÀ1 is also a set of representatives of S t =S tÀ1 , the group K n wr a A t embeds into K n wr a S t . Thus, in view of Remark 2.1.1, replacing the set of representatives by the powers of the cycle ð1; . . . ; tÞ, we obtain a subgroup of K n wr a S t isomorphic to K n wr a A t . This subgroup is the semidirect product of the translation subgroup by the group generated by the linear mappings corresponding to the 3-cycles ðl À 1 l l þ 1Þ for l ¼ 2; . . . ; t À 1, which are given by the block matrices Q l ¼ ðQ l ij Þ having the nonzero blocks defined by
where 
2.5.
The alternating group A rþ2 is generated by elements p 1 ; . . . ; p r such that
(see [5, p. 289] ). Up to isomorphism there is just one twisted wreath product
with 2-transitive action on a block. This group arises using the transitive linear representation of the stabilizer A 8 as GLð4; 2Þ. As the generators (8) for A 8 we can take the following semilinear mappings of the plane GFð4Þ 2 :
In particular we may identify p 1 with að1 2 3Þ and p i with að1 2Þaði þ 1 i þ 2Þ for i > 1. Since the cycle ð1 . . . 9Þ is in A 9 , we can use it to represent H 9 . Thus the matrices (6) with entries
generate a complement of the translation group of H 9 . Up to isomorphism, the alternating group A 6 (resp. A 7 ) has just one transitive linear representation on the acting 2-transitively on a block. For s < t, a set of representatives of the coset space A s =A sÀ1 can be extended to a set of representatives of A t =A tÀ1 . Thus, given a twisted wreath product K n wr a A t , we can regard the twisted wreath product K n wr a A s , defined by restricting a, as the stabilizer in K n wr a A t of t À s blocks. Hence there are embeddings H 7 ,! H 8 ,! H 9 which allow one to represent H 8 and H 7 as the stabilizers in H 9 of one and two blocks, respectively.
3.1 Invariant transversal subspaces. Theorem 2.2.1 shows that transversal subspaces (in the sense of 2.1.2) play an important role in representing a permutation group G ¼ ðG; WÞ with a finite translation system of imprimitivity W ¼ fD 1 ; . . . ; D t g within the twisted wreath productG G ¼ GFðpÞ n wr a G=N. The inertia group N of W appears as a group of translations of the vector space associated toG G, more precisely as the group of translations defined through the vectors in a m-transversal subspace W of V . It is straightforward to verify that
for suitable linear mappings f i; j A GLðn; pÞ.
3.2.
LetG G ¼ GFð3Þ wr a S mþ1 with a the non-trivial representation of S m on the 1-dimensional GFð3Þ-vector space. As in 2.3, take the powers of the cycle s ¼ ð1 . . . m þ 1Þ to represent a complement isomorphic to S mþ1 . Then the matrix corresponding to s is the matrix I given by (2), whereas the transposition ð1 m þ 1Þ is represented by the matrix J ¼ ðJ ij Þ whose non-zero entries are
The matrices I and J generate a complement isomorphic to S mþ1 of the translation group inG G. Now we ask whether in V there is a S mþ1 -invariant m-transversal subspace, i.e. a subspace W as in 3.1, with t ¼ m þ 1, p ¼ 3, n ¼ 1, which is invariant under the action of I and J. Set 3.2.1 Lemma. Let a be the non-trivial representation of S m on the vector line over GFð3Þ. Then, in the vector space associated with the twisted wreath product GFð3Þ wr a S mþ1 , the hyperplane P mþ1 k¼1 ðÀ1Þ mðkþ1Þ x k ¼ 0 is the only subspace which is both m-transversal and stable under S mþ1 .
LetG G ¼ GFð2Þ
n wr a S mþ1 and let W be a m-transversal subspace of V as in 3.1 with t ¼ m þ 1 and p ¼ 2. Then W is stable under the action of S mþ1 if and only if it is stable under the mappings I and J k defined by (2) and (3). In particular,
First let m ¼ 4. The symmetric group S 4 has a non-faithful natural representation as GLð2; 2Þ. Since GLð2; 2Þ F S 3 has no element of order 5, from (10) we have
but ker a F Z 2 l Z 2 has no elements of order 3. Next let m ¼ 5. We have a faithful representation a : S 5 ! PGLð2; 4Þ of S 5 as the collineation group of the plane over GFð4Þ. Then (10) and (11) imply that
if we regard V as a vector space over GFð4Þ. Thus we may identify W with the GFð4Þ-subspace
There is a faithful representation a : S 6 ! Spð4; 2Þ of S 6 as the 4-dimensional symplectic group over GFð2Þ. We may identify j l ¼ aðl l þ 1Þ with ðl l þ 1Þð7 8Þ because there is just one embedding S 6 ,! A 8 and a is faithful. Thus (11) may be read in A 8 as ðl À 1 lÞð7 8Þ ¼ f À1 1 ðl l þ 1Þð7 8Þ f 1 and we see that f 1 must have order 6, a contradiction to (10 
with f i ; g i A GLð4; 2Þ. Such a subspace W t exists and can be described by the following quadratic functions over GFð4Þ (we regard V 9 as a vector space over GFð4Þ):
where q 2 ; . . . ; q tÀ2 ; q 0 ; q 00 are the functions (7) or (9) according as t ¼ 6 or t > 6. One can check that the mappings Q l given by (6) , generating a complement of the translation group of H t , leave that subspace invariant.
There are no further possibilities for an A t -invariant ðt À 2Þ-transversal subspace of V t . To verify this, we require the subspace (13), written over GFð4Þ, to be stable under the mappings (6) for l ¼ 2; . . . ; t À 1, i.e.
for all z i ¼ ðx i ; y i Þ A GFð4Þ 2 . In particular we have
. . . ; t À 1Þ;
with q s given by (7) if t ¼ 6 and by (9) if t > 6. If t ¼ 6, then (16d) gives
From (16b) there are just two possibilities for g 1 : either c ¼ c
shows that the functions (14) are the only ones giving an invariant subspace as in (13).
Let t > 6. Equations (16d) force f 1 ; g 1 to take the form
But using (16b) we see that only the latter can occur. Hence we have the following result.
3.4.1 Lemma. The subspace W t defined by (13) and the functions (14) is the unique A t -invariant ðt À 2Þ-transversal subspace of the vector space V t associated with H t for t ¼ 6; 7; 8 or 9. Now we look for an A t -invariant ðt À 3Þ-transversal subspace W of V t for t > 6. Within V 9 we can represent W as 
4.1.1 Remark. This fact can also be obtained by replacing the hypothesis that W is finite by the assumption that the stabilizer in G=N of m distinct blocks has odd order.
We shall show that not all of the above possibilities occur. 
where a is one of the following n-dimensional transitive linear representations of S mÀ1 :
(1) the trivial representation of S mÀ1 on a vector line over GFð2Þ;
(2) the non-trivial representation of S mÀ1 on a vector line over GFð3Þ; (3) the faithful representation of S 3 as GLð2; 2Þ; (4) the non-faithful representation of S 4 as GLð2; 2Þ; (5) the representation of S 5 over GFð2Þ corresponding to PGLð2; 4Þ; (6) the representation of S 6 as Spð4; 2Þ.
In any case G splits over the inertia group N.
Proof When G is isomorphic to S mþ1 or A mþ2 the situation is more complicated. First we deal with the case jDj ¼ 2; 3.
4.2 The case SDS F 2. By Proposition 4.1.2 and Lemma 4.1.4, we may assume that G F S mþ1 . Hence G can be embedded into the symmetric group S 2ðmþ1Þ . More precisely, G is a subgroup of order 2 m ðm þ 1Þ! of the subgroup F of order 2 ðmþ1Þ ðm þ 1Þ! preserving W. Then G has index 2 in F and the inertia group N has index 2 in the subgroup M of F leaving each block in W stable. From 1.1.4 it follows that G has exactly two involutions fixing the blocks D 2 ; . . . ; D mÀ1 pointwise and interchanging D m ; D mþ1 , and these involutions are conjugate in G, so that their product is the non-trivial element of the subgroup N m defined in 1.1.3. By permuting the blocks, we infer that N is contained in the subgroup H of G generated by all involutions fixing pointwise m À 2 blocks and interchanging the other two blocks. Since these involutions induce all transpositions in G=N F S mþ1 , we obtain that H ¼ G. As F contains just two distinct conjugacy classes of involutions satisfying the above conditions, there can be at most two distinct permutation groups ðG; WÞ. We can realize two non-isomorphic permutation groups as follows.
We fix points X 1 ; . . . ; X mþ1 in W, with X i A D i , and identify them with the vectors of a basis B of a vector space of dimension m þ 1 over GFð3Þ. We identify the other point in the block containing X i with ÀX i . Thus we may regard F as the group of permutation matrices in GLðm þ 1; 3Þ having non-zero entries equal to G1. Then N is a subgroup of index 2 in the group M of diagonal matrices in GLðm þ 1; 3Þ. Since no non-trivial element of N leaves m blocks pointwise fixed it follows from 1.1.3. that N consists of all diagonal matrices with determinant 1.
Let S be the stabilizer in F of the basis B; clearly S F S mþ1 . Now consider the following subgroups of index 2 of F :
The permutation groups ðG 1 ; WÞ and ðG 2 ; WÞ are not isomorphic: the involution of G 1 fixing X 2 ; . . . ; X mÀ1 and interchanging X m ; X mþ1 fixes D 1 pointwise, whereas the involution of G 2 satisfying the same conditions acts non-trivially on D 1 . In view of Lemma 4.1.4, the discussion yields the following result.
Theorem.
Let B ¼ fe 1 ; . . . ; e mþ1 g be a basis of a vector space V over GFð3Þ and let N be the group of linear mappings represented with respect to B by diagonal matrices with determinant 1. If jDj ¼ 2 then ðG; WÞ is isomorphic to one of the following:
ð3Þ W ¼ fe 1 ; Àe 1 ; . . . ; e m ; Àe m g;
Moreover, no two of G 1 ; G 2 ; G 3 are isomorphic as permutation groups.
Remark. 
In particular, if s is an element in S of order 2, we have
Denote by s i; j the element in S interchanging e i and e j and fixing the remaining vectors in B. , where a is the non-trivial linear representation of S m on the 1-dimensional vector space over GFð3Þ; the inertia group N is defined by an S mþ1 -invariant m-transversal subspace W of the vector space V associated withG G, which is a hyperplane (by Lemma 3.2.1). Let S F S mþ1 be a translation complement inG G and let A be the subgroup of S isomorphic to A mþ1 . Consider the subgroup ðV =NÞ z ðAN=NÞ of G G=N F ðV =NÞ z ðSN=NÞ. As V =N is 1-dimensional, the former semidirect product must be direct. The next lemma allows us to conclude that AN ¼ j À1 ðAN=NÞ, where j : G ! G=N is the canonical homomorphism. Proof. We may regard H=N as a subgroup of the direct product ðV =NÞ Â ðAN=NÞ, and so H=N projects into both V =N and AN=N. As V =N is solvable, the first projection is trivial; hence H=N ¼ AN=N, i.e. H ¼ AN. Now, since AN has index 2 in G, we see that G splits over N by a theorem of Gaschü tz ([8, p. 121] ). Thus, in view of 2.2.1, 3.2 and 4.1.4, we can state the following result.
Let jDj ¼ 3. Then G F S t , where t ¼ m or t ¼ m þ 1, G splits over the inertia group N, and G can be realized as follows.
Let V be a vector space of dimension t over GFð3Þ and let 
Lemma.
Let V be a GFð2Þ-vector space, S ¼ hh i : i A I i be a group of automorphisms of V generated by elements h i of prime order p i leaving a proper subspace W of V invariant and 0 ! W ! G ! l S ! 1 be an extension of W by S. Assume that
Then the following assertions hold. 
(d) Let h i and h j be of order 2 and 3, respectively, with
Thus h k ðw ij Þ ¼ w ij and we see that ðw ij g i g j Þ 3 ¼ ðw ij g i Þ 2 ¼ 1. (c) Take g k as in (a) and put v ij ¼ ðg i g j Þ 2 ðA W Þ. Then g i g j g i g j ¼ g j g i g j g i and we see that h k fixes v ij .
(d) Taking g k as in (a), u k as in the proof of (b) and v ij as in the proof of (c), we
4.4 The case G F S mB1 . As jDj > 3, the permutation group G embeds intõ G G ¼ GFðpÞ n wr a S mþ1 with a one of the representations (4), (5) or (6) given in Lemma 4.1.4. Also, thanks to Lemma 3.3.1, we have m ¼ 5 and the translations in the inertia group N are defined through vectors in the subspace
where f : GFð4Þ 2 ! GFð4Þ 2 is the bijective mapping defined by
So G embeds into the group G 6 introduced in 2.3 and we have to determine the non-equivalent extensions within G 6 of N by the group S generated by the matrices (3) with k ¼ 1; . . . ; 5 and with entries (4) and (5). It turns out that kerðJ kjW þ id W Þ ¼ imðJ kjW þ id W Þ so that Lemma 4.3.3 (a) applies and gives elements
of G of order 2. Then u k A FixðJ k Þ and we have 
where the entries r kh ; s kh ; t kh ; x kh ; y kh ; z kh are equal to 1 or 0 and
Notice that u k A W if and only if
where the matrices Q l ¼ J lÀ1 J l are given by (3) and (6) . The last conditions give
For all i; j ¼ 1; . . . ; 5 with ji À jj > 1 we have J i J j ¼ J j J i , and hence where the entries a ij ; b ij ; c ij ; d ij ; e ij are 0 or 1. Notice that v ij ¼ 0 precisely if the coordinates of u i and u j satisfy the conditions
For the extension to exist, the vectors v ij must satisfy the conditions of Blackburn [2, pp. 205-206] . These conditions, which are also su‰cient for the existence of the extension, can be written as follows:
where l takes the values 2, 3, 4, 5 in (b) (for j 0 l À 2; l À 1; l; l þ 1) and 2, 3, 4 in (c).
Now the aim is to show that we may take all vectors v ij with ði; jÞ 0 ð1; 5Þ to be zero. We do this by adding to u k a vector w k A W V FixðJ k Þ with
. . . ; 5. Then we may assume that v ij ¼ 0 if w i and w j satisfy the condition
We proceed by annihilating the vectors v ij successively and then considering new vectors w k which preserve the conditions v ij ¼ 0 already achieved. Adding (22) for u k and satisfying (23), (24) and (25) (the latter for ði; jÞ 0 ð1; 5Þ). Also they must satisfy the condition
so that, comparing the last coordinate but one,
But (28) is incompatible with the system of equations
; k ¼ 2;
; l ¼ 2;
; l ¼ 3;
since the left-hand side of (28) is the sum of the left-hand sides of the above system. This shows that there is just one non-split extension: it is realized by the vectors 
In fact, these vectors solve (22), (24) and (25) for ði; jÞ 0 ð1; 5Þ; furthermore, the vector
Þ is precisely (27). Summing up, we have the following result.
4.4.1 Theorem. Let G F S mþ1 and assume that the blocks have more than three points. Then m ¼ 5, the blocks have 16 points and there is an embedding G ,! G 6 ¼ GFð2Þ 4 wr S 6 mapping the inertia group of G onto the group of translations of G 6 corresponding to the GFð2Þ-vector subspace
where f is the bijective mapping GFð4Þ 2 ! GFð4Þ 2 given by (12). There are just two non-isomorphic embeddings of G within G 6 :
(1) hv 7 ! J k ðvÞ þ w : w A W ; k ¼ 1; . . . ; 5i (splits over N),
where the maps J k are given by (3), (4) and (5), and the vectors u k by (29).
4.5 The case G F A mB2 . It remains to examine the case where G ¼ A mþ2 . In this case G embeds intoG G ¼ GFð2Þ 4 wr a A mþ2 , where m ¼ 4; 5; 6 or 7 and a is the unique representation of A mþ1 as a subgroup of GLð4; 2Þ F A 8 . ThusG G is one of the four groups H mþ2 introduced in 2.4 and 2.5. By Lemma 3.4.1, for each of the groups H mþ2 there is precisely one A mþ2 -invariant m-transversal subspace W as in (13) with functions f i ; g i given by (14). Now we state 4.5.1 Theorem. Let G F A mþ2 . Then 4 c m c 7, the blocks contain precisely 16 points and there is an embedding G ,! H mþ2 ¼ GFð2Þ 4 wr A mþ2 mapping the inertia group of W onto the group N mþ2 of translations of H mþ2 corresponding to the subspace W mþ2 defined by (13) and (14) . The group G is the split extension ðGFð2Þ 4 wr A mþ2 Þ jW mþ2 of N mþ2 by A mþ2 .
Proof. It is enough to prove that G splits over N mþ2 . We may regard G as a subgroup of H 9 (resp. H 6 for m ¼ 4) given as an extension
of N mþ2 by a subgroup A mþ2 of H 9 (resp. H 6 ) isomorphic to A mþ2 . We shall first discuss the case m ¼ 5. over GFð4Þ, and the matrix B ¼ Q 4 Q 6 , whose non-zero entries are given by
The group A 7 is generated by the permutations (1375)(26) and (34567), and thus A; B generate a subgroup of H 9 isomorphic to A 7 that we may take as A 7 in (30). Let
be elements in G such that lðaÞ ¼ A and lðbÞ ¼ B. In view of Lemma 4.3.3 (a), we may assume that b has order 5. Since A 4 ¼ 1 we have 
Þðw a Þ ¼ w a ; then, up to replacement of u a by u a þ w a , we may assume that a has order 4. The relations a
or, equivalently, the coordinates of u a and u b satisfy the equations
and
respectively. (We write vectors in the form ðz 1 ; . . . ; z 7 ; 0; 0Þ with
Vectors in FixðBÞ and FixðABÞ satisfy ðid
ÞðxÞ ¼ x and
Furthermore W is a direct sum of four cyclic K½B-submodules W 
Then the first equation of (34) 
Clearly ab is the mapping x 7 ! ABðxÞ þ Aðu b Þ þ u a and ðabÞ 3 is a translation in N mþ2 defined by ðid V þ AB þ ðABÞ 2 ÞðAðu b Þ þ u a Þ, the order of AB being 3. By (34) and (35) the latter vector (being in W V FixðABÞ) can be written as 
If a 3 ba 2 b 2 has order 2 then a and b generate a complement of N mþ2 isomorphic to A 7 (see for instance [4, p. 10] ) and our claim is proved. Actually we can always choose u a such that a 3 ba 2 b 2 has order 2 by adding to u a a suitable vector w 00 a A W obtained as follows.
The element a 3 ba 2 b 2 corresponds to the mapping x 7 ! A 3 BA 2 B 2 ðxÞ þ v, where
Since A 3 BA 2 B has order 2, the map ða 3 ba 2 b 2 Þ 2 A N mþ2 is translation by the vector
The fact that w A W is a further restriction on u a and u b (in addition to (32) and (36) with Q l given by (6) , with entries (7) for m ¼ 4 or (9) for m > 5, satisfy (8) for r ¼ m; so they generate a translation complement in H mþ2 that we can take as A mþ2 in (30). Then P 1 ¼ Q 2 and, for k > 1, the non-zero entries p ðd ij Þ P j ðu i Þ þ u j A FixðP j P i Þ ð2 c i þ 1 < j c 5Þ: 
ðdÞ ðid V þ P 3 P 2 þ ðP 3 P 2 Þ 2 Þðv 2m þ v 3m Þ ¼ 0;
We discuss separately the cases m ¼ 6 and m ¼ 7. Let m ¼ 6. By Lemma 4.3.3 (d), P 6 P 1 and P 1 þ P 
